SOLUTION to CHALLENGE PROBLEM # 1

Third International Long wave Runup Model Conference – Catalina 6/17/04

Submitted by Bill Knight: West Coast and Alaska Tsunami Warning Center

Introduction:  
A solution to Problem # 1 is obtained with a 1 dimensional finite difference method.  Both sea level and velocity are solved for semi-implicitly on a uniform Eulerian mesh, with velocity independent of depth.   While the velocity update method is standard, sea level advection includes upwind slope information. Neither diffusion nor filtering is used in the solution.  Run-up and draw-down are implemented through simple cell flooding and drying criteria derived from VOF surface tracking concepts (Nichols & Hirt5) and from a method suggested by Imamura 6.  Shoreward velocity extrapolation is used during run-up, with u set equal to the value in the nearest neighbor ‘wet’ cell.  This is a ‘moving boundary’ method.
Symbols and definitions:

1) j:  position index.  x = mesh size 

2) n: time index. 
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t = time step

3) u: x velocity 

4) : sea level

5) h: bathymetry

6) d: depth (sea level  + bathymetry)
7) : sea level slope in each cell

Numerical Method:

The equations to be solved are:
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Fisher’s Algorithm is used to update u and .  The two field variables are offset from one another both by one half time step and one half mesh spacing (fig 1).  The differenced equations become:
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Depth is evaluated at time level ‘n’ in the first equation.  The equation of motion is upwinded, so when u locally is less than zero, the term 
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 is replaced by
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.   Linear stability analysis on these equations (minus the convective part) results in an overall amplification factor with absolute value of 1 for Courant Number less than one (Kowalik & Murty 4).  The truncation error is O (dx^2, dt^2), so the scheme is a reasonable compromise between simplicity and accuracy.  Uniform mesh size  and constant time step t are used throughout.  All models were run with Courant Numbers less than 0.1
Fig 1: Fisher method discretization 
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Sea Level:
The sea level update is already in control volume form, with a flux
[image: image6.wmf]du

.  Thus the gain in one cell comes at the expense of a neighboring cell and mass will be exactly conserved so long as the boundaries are treated carefully.  At the beach, an empty cell is allowed to ‘flood’ when the water column in a neighbor cell tops out above its bathymetry.  In symbols, flood an empty shoreline cell ‘j’ when
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.  Similarly, a ‘wet cell’ is allowed to dry if
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.  A more complex flooding scheme is sketched out in the final section of this paper.  To force mass conservation in these two situations, liquid flooded into a previously dry cell is donated by the neighbor ‘wet’ cell, and a wet cell can never donate more liquid than is available within that cell.  These are standard VOF type surface update criteria.   Prior to reaching ‘flood stage’, the boundary between wet and dry cells is blocked to mass transfer.  A cartoon of the shoreline update scheme is shown in figure 2.  The sea level is provisionally advanced to the next time step, at which point adjustments at the shoreline are made as needed.
Fig 2    Flooding a dry cell 

[image: image9]
Drying a wet cell (gray denotes the ‘overfluxed volume’)

[image: image10]
Numerical Testing:

Before attempting the challenge problem, the method was first used to predict motion in a parabolic trough.  Thacker 2 has shown several exact solutions with this geometry to which the numerical analog can be compared.  The trough is a closed system, so energy and mass should be constant.  In addition, solutions should show symmetry about x = 0.  
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Fluid configured with a tilted, flat surface and initially at rest will undergo harmonic rocking motion -- all the while maintaining the planar interface.  In addition, velocity is independent of x.  This drops the convective term from the U update, producing a good test of the ‘bare’ sea level update. 
Two sea level advection schemes are compared using this test geometry - the standard upwind treatment and a higher order method.   The first simply fluxes a quantity 
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between cells (with  upwinded).  This amounts to a piecewise constant reconstruction of the sea surface.  The scheme based on Van Leer 1 uses sea level slope information as well, treating the sea surface as a piecewise linear function of x.  For U > 0, the flux becomes
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are bathymetry, sea level, and sea level slope in the cell left of the interface (fig 5).  After eight cycles of motion, the slope method energy varies by under 0.1 % of its original stored energy (fig 4).  Mass is constant in both schemes and plots as a straight line with zero slope in figure 4.  Another useful test can be made when initial conditions for the parabolic trough are level interface and U(x, 0) = Uo x.  In this case, the exact velocity solution is U = U(t) x, and the convective term is non-zero.  Despite this complication, the loss of stored energy is only ½% after eight cycles of motion. 
 FIG 5 -- A geometric view of the slope method
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The final step after computing sea level slopes at the advanced time level is to limit slopes in individual cells as needed to maintain monotonicity (Van Leer ).
Challenge problem

The slope based sea-level flux is used for the challenge problem.  Radiation boundary conditions are applied at the right side of the domain.  A constant mesh size of 5 m is used, requiring 10000 cells to span the 50 km domain length.  Despite the small time step (.005 s), the run time to cover 300 seconds of evolution was only 30 s on a PC.  The full domain is shown below.
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Snapshots of both sea level and velocity are shown on the following page.  The data are scaled as in Carrier, Wu, and Yeh 3.  For a beach slope of 1 in 10, the scaling is:
Lo = 5000 m, 
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Contour plots of  and velocity:
[image: image20.emf]
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Comparisons to posted solution:
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Some Conclusions:

The best that can be said about the beach, fluid, air interface treatment is that it seems reasonable and it appears to work.  Qualitative results shown in the contour plots appear nearly identical to those in Carrier, Wu, and Yeh 3.  There are no short wavelength fluctuations on the sea level, and there is no stranded liquid left on the beach during rundown, which seems reasonable.  Velocity extrapolation to the shoreline from one cell seaward is a reasonable assumption also, although higher order extrapolations produce non-physical results.   Note that the shoreline velocity comparison above contains ‘bumpy’ data at 220 s.  Since these numbers are pulled from the first wet shoreline cells, they represent the full effect of the moving boundary treatment.  Indeed, if the velocity data from two cells seaward of the boundary is plotted instead, the curves are much smoother.  

More complex cell flooding criteria can be considered.  Rather than using the condition
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, a slightly more complex test such as 
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 is useable.  The advantage is that sea level slope is preserved when a dry cell is converted to wet.  Another possibility is modeling a two phase system where air would be the second incompressible fluid.  In this situation, the interface would have velocity data on both sides of the shoreline. A hybrid scheme using moving mesh near the shoreline is yet another candidate refinement.
The assumption that u is independent of depth should also be investigated computationally.  One way to proceed would be to splice a 2-D VOF mesh to the 1-D mesh at some location close to the shore.  The splicing point can be moved to determine how much of the computationally expensive VOF mesh is required to get a reasonable solution.
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Addendum
Comparison of u shoreline to u, 2 cells seaward of shoreline
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furthercomparisons

further comparisons: triangles are posted data, squares are my solution.[image: image25.emf]X / Xo
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advance by one time step
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Create f, the sea level function within cell j





j, j





j-1, j-1





tn+1,  force dj = 0 by moving fluid from cell j+1 back to cellj





dj < 0





tn+1, (provisional time) 


(hj + j) < 0, empty wet cell
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tn+1 (provisional time)  


(hj + j+1) = d & d > 0
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(hj + j+1) < 0,  uj+1 = 0





� EMBED Equation.3  ���





n+1,n+1





Recover new sea levels and slopes from fn+1
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[image: image46.emf]Shoreline velocity - two cells seaward
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